We present a bilinear Hirota representation of the N = 2 supersymmetric extension of the Korteweg-de Vries equation. This representation is deduced using binary Bell polynomials, hierarchies and fermionic limits. We, also, propose a new approach for the generalisation of the Hirota bilinear formalism in the N = 2 supersymmetric context.
Introduction
The study of exact solutions of completely integrable supersymmetric systems is of current interest in modern mathematical physics research. In particular, the N = 2 supersymmetric extension of the Korteweg-de Vries (KdV) equation [1] has been largely studied in terms of integrability conditions, exact solutions and symmetry group structures [2, 3, 4, 5, 6, 7, 8, 9, 10 ]. The equation is described by a bosonic superfield A defined on the superspace R 2|2 [11] of local coordinates (x, t, θ 1 , θ 2 ). The variables (x, t) are the usual Euclidean space-time coordinates and (θ 1 , θ 2 ) are real Grassmann coordinates satisfying the usual anti-commutation relations θ 1 θ 2 + θ 2 θ 1 = 0, θ 
The superfield A satisfies the Labelle-Mathieu N = 2 supersymmetric extension of the KdV equation [1] A t = (−A xx + (a + 2)
where a ∈ R is a real parameter, D 1 , D 2 are the covariant derivatives defined as
and satisfy D = ∂ x . The bosonic superfield A can be decomposed [11] using a Taylor expansion as A(x, t, θ 1 , θ 2 ) = u(x, t) + θ 1 ξ 1 (x, t) + θ 2 ξ 2 (x, t) − θ 1 θ 2 v(x, t),
where u, v are complex-valued even functions and ξ 1 , ξ 2 are complex-valued odd functions. Labelle and Mathieu [1] showed that equation (2) is completely integrable for the special choices a = −2, 1, 4. This fact suggests that, for these special values, the supersymmetric KdV equation possesses travelling wave and multi-soliton solutions [2, 3, 4, 5, 6, 7] . An algebraic direct method to find such solutions is described by the Hirota bilinear formalism. This method was used numerous time for non-supersymmetric integrable evolution equation to construct soliton and similarity solutions, Bäcklund and Darboux transformations and to obtain integrability conditions [12] . Carstea has adapted this formalism to N = 1 supersymmetric extensions [13] such as the KdV, modified KdV and Sine-Gordon equations. The generalisation of this formalism to N = 2 extensions has been confronted to numerous difficulties. Zhang and al. [5] used the strategy of decomposing equation (2) into two N = 1 equations for which the Hirota formalism is well adapted. The way of achieving this is to re-write the bosonic superfield A given in (4) as
where A 0 (x, t, θ 1 ) = u(x, t) + θ 1 ξ 1 (x, t) and Ξ(x, t, θ 1 ) = ξ 2 (x, t) + θ 1 v(x, t) are, respectively, bosonic and fermionic superfields of (x, t, θ 1 ) ∈ R 2|1 . In order to use the bilinear Hirota formalism [12] , we have to re-write the superfields A 0 and Ξ in terms of dimensionless bosonic superfields. This is done by dimensional analysis following the fact that equation (2) is invariant under the dilatation vector field [2] 
This vector field shows that, under the transformation
equation (2) is invariant, where λ is a free parameter. Under these transformations, we deduce the dimension of these quantities
and this allows us to re-write the superfields A 0 and Ξ as
where B = B(x, t, θ 1 ) and p(x, t, θ 1 ) are bosonic superfields such that [B] = [p] = 0. Introducing the superfield A, given by (5) together with the relations (9), in equation (2), we get two N = 1 supersymmetric equations
The study of these two equations is the main object of the paper for the special cases a = −2, 1, 4, i.e. for the cases for which equation (2) is completely integrable [1] . Indeed, we will give a bilinear Hirota representation of these equations using different approaches using the binary Bell polynomials [14] , hierarchies [8, 9, 10] and fermionic limits [4] . The later approach is simple, it relies on taking ξ 1 = ξ 2 = 0 in the representation of the bosonic superfield A given in (4). The binary Bell polynomials have, recently, found a connection with the Hirota bilinear formalism [14] and this connection will be used throughout this paper. The one-variable Bell polynomials Y are defined as
where k µ are integer constants and f = f (x, t, θ 1 ) is a bosonic superfield. Using the polynomials Y , we define the binary Bell polynomials Y as
where the different derivatives of f are replaced by the superfields w 1 and w 2 following the procedure
Note here that we are using the notation fk x xkttk1θ1 = ∂k 
where the Hirota derivative is defined as
These relations will be used to transform equations (10) and (11) into binary Bell polynomial equations. To achieve this, we will need auxiliary tools such as hierarchies of the supersymmetric KdV equation (2) and fermionic limits. This paper is divided as follows. In the following three sections, we give a bilinear representation of the supersymmetric KdV equation (2) for, respectively, a = 1, a = 4 and a = −2. In section 2, we use directly the binary Bell polynomials to get a general Hirota formulation. In the a = 4 case, we use the binary Bell polynomials and the Two-Boson supersymmetric equation [5, 8] , which are members of the same hierarchy, to obtain a Hirota equation. In section 4, we get the bilinear representation using fermionic limits and retrieve the bosonic Miura transformation [12] linking a solution of the KdV equation with the modified KdV equation. The last section addresses the open problem of generalizing the Hirota bilinear formalism to the N = 2 supersymmetric context. We exhibit this generalisation threw the supersymmetric KdV equation with a = 1. We conclude the paper with some future outlooks and remarks.
The novelty of this paper is based on the use of the binary Bell polynomials (13) to get a bilinear representation of the supersymmetric KdV equation (2) . As of today, the Hirota formulation of the supersymmetric KdV equation with a = −2 was an open problem and here we propose a partial answer to this question. We also, for the first time, generalize the Hirota bilinear formulation to N = 2 extensions of certain integrable systems.
The supersymmetric KdV equation with a = 1
In this section, we directly use the binary Bell polynomials to get a bilinear representation of the supersymmetric KdV equation (2) with a = 1. In this case, the two N = 1 equations (10) and (11) reduces to
We can notice from these equations that the superfield B is associated to odd numbers of derivatives while the superfield p to even numbers. This fact is compatible with the binary Bell polynomials [14] . Indeed, we have the expressions Y t (cB, dp) = cB t , Y 3x (cB, dp) = cB xxx + 3cdB
from which we easily deduce an equivalent representation of equation (17) given as
For the second equation (18), we have the following binary Bell polynomials, assuming equation (17) is satisfied,
and it is direct to show that equation (18) is equivalent to the binary Bell polynomials equation
Using the link between the binary Bell polynomials and the Hirota derivative (15), we obtain, casting the change of variables iB = ln(f /g) and −p = ln(f g), the bilinear representation of the supersymmetric KdV equation with a = 1 [5] given as
3 The supersymmetric KdV equation with a = 4
In this case, we give a Bell polynomial perspective to the supersymmetric KdV equation with a = 4 using its integrable hierarchy [8, 10] . Unlike the a = 1 case, the Bell polynomial approach may not be directly applied to equation (10) and (11) with a = 4. Indeed, these equations are explicitly given as
and the terms (
are incompatible with the definition of the binary Bell polynomials. These terms are incompatible in the sense that the superfield B is associated to odd number of derivatives in the binary Bell polynomial perspective. So, we have to find an other way of writing these problematic terms. One way of achieving this is by considering the integrable hierarchy associated to the supersymmetric KdV equation with a = 4. One member of this hierarchy is the Two-Boson supersymmetric equation [5, 8] for which its flow commutes with the flow associated to equation (2) with a = 4. Regarding this matter, the Two-Boson supersymmetric equation is given by
where w and ρ are, respectively, bosonic and fermionic superfields. Making use of the dilatation invariant vector field, we cast the change of variables w = C x and ρ = D 1 q x , where C and q are dimensionless bosonic superfields. In this case, after integration with respect to the variable x, equations (27) and (28) reduce to
At first sight, this system is again incompatible with the binary Bell polynomials, but, taking m = 2q − C and n = C, these equations are given as
We thus observe that m is associated to even numbers of derivatives, while n to odd numbers. From the binary Bell polynomials
it is direct to see that the system of equations (31) and (32) is equivalent to the system of binary Bell polynomials
Making the change of variables n = ln(f /g), m = ln(f g) and using the link between the Bell polynomials and the Hirota derivative (15), we get the bilinear representation of the Two-Boson equation [15] given as
Let us now focus our attention on the first equation (25) of the supersymmetric KdV equation for a = 4. We have, taking n = αB and m = βp, the following binary Bell polynomial expression:
where we have retrieve the previously problematic term (D 1 B x )(D 1 p x ). Supposing that equation (25) has the binary Bell polynomial representation
for α, β, γ, δ ∈ C constants, we directly find that
and, thus, equation (25) as the following Hirota bilinear formulation, taking 2iB = ln(f /g) and −2p = ln(f g),
The Bell polynomial analysis of the second equation (26) is similar as for the first one. Indeed, it lies on the following binary Bell polynomial expressions:
From these expressions, it is elementary algebra to show that equation (26) is equivalent to the binary Bell polynomials equation
and, using the same change of variables for B and p as for equation (25), we get the bilinear representation
Hence, equations (40) and (42) represent the Hirota formulation of the supersymmetric KdV equation with a = 4 [5] , where the functions B, p, f and g are related as
4 The supersymmetric KdV equation with a = −2
As of today, a Hirota bilinear representation of the supersymmetric KdV equation with a = −2 was an open problem [5] . In this section, we propose a partial answer to this problem by considering the fermionic limit [4] of the superfield A given in (4) . This means that we take ξ 1 = ξ 2 = 0 in (4) and we consider bosonic superfield A of the form
solution of equation (2) with a = −2. In this case, the bosonic complex-valued functions u and v satisfy the system of partial differential equations
We can make some observations on this system: equation (45) is the bosonic modified KdV equation for which a Hirota formulation is known and, as a second observation, we have that, taking u = 0, this system reduces to the bosonic KdV equation [12] . Again, at first sight, this system is incompatible with the definition of the binary Bell polynomials. To solve this problem, we use a Miura-type transformation relating the supersymmetric KdV equation with a = −2 to the equation [10] 
where Q is a bosonic superfield. The equation (47) is the first non-trivial flow of a N = 2 supersymmetric hierarchy, as shown by Tian and Liu [10] , and the Miura-type transformation is explicitly given as
Using the Taylor expansion Q(x, t, θ 1 , θ 2 ) = q 0 (x, t) − θ 1 θ 2 q 12 (x, t) (fermionic limit), the Miura-type transformation (48) is equivalent, in components, to
Note that setting u = 0 in these transformations leads to the classical Miura transformation v = [12] . This observation is compatible with the fact that the bosonic complex-valued functions q 0 and q 12 satisfy the decoupled system of partial differential equations
These two equations are all of the modified KdV-type and we know that they possess a Hirota bilinear representation [12] . Indeed, they are equivalent to the binary Bell polynomial equations
where q 12 = p 12,x , β and γ are arbitrary constants andq 0 andp 12 are auxiliary and arbitrary bosonic functions. Using the change of variables
we get the Hirota bilinear representation
where λ andλ are arbitrary parameters and the functions u and v take the explicit forms
In the reminder of this section, we give plots of different soliton solutions. For a 1-soliton profile, the functions f 1 , g 1 ,f 1 andg 1 , solution of the bilinear equations (55) and (56) with λ =λ = 0, may be chosen as
where η = κx − κ 3 t andη =κx −κ 3 t. In the case of a 2-soliton profile, the functions f 2 , g 2 , f 2 andg 2 given as
solves the bilinear equations (55) and (56) for λ =λ = 0, where
In the figures below, we use the notation
and we have made the choices κ = 1,κ = The plot of the functions u (1,1) and u (2, 2) . The dashed curve correspond to time t = −2, the thick curve to time t = 0 and the other curve to time t = 2.
5 The N = 2 formalism: a first approach
In this section, we make an attempt to formalize the Hirota bilinear approach in the N = 2 supersymmetric context using the Bell polynomials. We will illustrate this new approach on the supersymmetric KdV equation (2) with a = 1. Using the change of variable A = M x and integrating once with respect to the variable x, the supersymmetric KdV equation for a = 1 reads as 1) and v (2, 2) . The dashed curve correspond to time t = −2, the thick curve to time t = 0 and the other curve to time t = 2. where M = M (x, t, θ 1 , θ 2 ) is a dimensionless bosonic superfield. In order to adapt the Hirota bilinear formalism in the N = 2 context, we make the following observation
where
is the integration operator with respect to x. In this setting, the equation (62) can be re-written as
and we observe that the Bell polynomial approach can be directly used. Indeed, the above equation is equivalent to the binary Bell polynomial equation
which, using the identification iM = ln(f /g) and −C = ln(f g), can be written as
where f = f (x, t, θ 1 , θ 2 ) and g = g(x, t, θ 1 , θ 2 ) are bosonic superfields. The identification imposes a further constraint given as
and it can be shown that this relation is equivalent to the bilinear Hirota equations
In order to study this additional constraint, we consider the following Taylor expansions
and, once introduce in (67), we get
For the 1-soliton solution, we can choose
as a solution of the bilinear equation (66) for a, b, m 12 , n 12 bosonic quantities, ζ 1 , ζ 2 , ν 1 , ν 2 fermionic quantities and η = κx − κ 3 t. These free parameters have to be determined in order that the constraint (67) be satisfied. This can be done by substituting the above expressions for f and g in (70). We get the explicit forms
and, as a consequence, the components of the superfield A defined in (4) are given as
In this section, we have produced, for the first time, a N = 2 supersymmetric Hirota representation of the KdV equation with a = 1. Indeed, the Hirota formulation is described by equations (66) and (68). We have thus partially solved the open problem of finding a supersymmetric N = 2 generalisation of the Hirota bilinear formalism [5] .
Future outlooks and remarks
In this paper, we have presented a systematic way of finding the Hirota bilinear representation of the N = 2 supersymmetric KdV equation using its decomposition into two N = 1 supersymmetric equations and the Bell polynomials. For the completely integrable cases a = 1, 4, we have obtain a complete representation using the integrable hierarchy and the binary Bell polynomials. For the a = −2 case, it was an open problem to find an Hirota formulation. Here, we have proposed a partial answer to this question using fermionic limits and have retrieved the well known Miura transformation relating the KdV and modified KdV equations. It still remains to find its general representation.
An other open problem was to find a N = 2 generalisation of the Hirota bilinear formalism. We have, for the first time, succeeded in given such a representation for the supersymmetric KdV equation with a = 1. The main idea in this construction was to re-write the operator D 1 D 2 as a second derivative with respect to x of a given quantity. This had the effect of transforming the N = 2 equation into a "new" equation involving only derivatives of the bosonic variables (x, t) for which the binary Bell polynomials could be directly applied. This as led to its N = 2 Hirota representation.
Our future goals is to generalize the results of section 5. This new approach avoids treating a N = 2 equation as two N = 1 supersymmetric equations and this allows us to obtain a N = 2 bilinear representation of the equation. As a final example to illustrate the efficiency of this new proposed procedure, we consider the N = 2 supersymmetric extension of the potential Burgers equation
As in section 5, we re-write the quantity D 1 D 2 M x as C xx where
2 M x and, as a consequence, the Burgers equations [4] reads as
This equation may be cast into a binary Bell polynomials equation as
where λ is a free complex parameter. Making the change of variables λM = ln(f /g) and 2λ 2 C = ln(f g), we get the Hirota bilinear equation
together with the constraint
which can be re-write into a Hirota bilinear form as
In conclusion, equations (76) and (80) constitute the Hirota bilinear representation of the supersymmetric potential Burgers equation (76).
